We present fully sequential procedures for steady-state simulation that are designed to select the best of a finite number of simulated systems when "best" is defined by the largest or smallest long-run average performance. We also provide a framework for establishing the asymptotic validity of such procedures and prove the validity of our procedures. An example based on the M/M/1 queue is given.
Introduction
Statistical procedures have been proposed to select the simulated system with the largest or smallest long-run average performance from among a finite number of alternative systems. In this paper, we focus on the indifference-zone formulation of the selection problem, meaning that we desire procedures that are guaranteed to select the best system with high probability when the long-run average performance of the best is at least a given amount better than the rest (see Chen et al. 2000 and Chick and Inoue 2001 for alternative formulations). Many of these procedures have been constructed under the assumption that the output data generated by each system are independent and identically distributed (i.i.d.) , and also marginally normal. The assumption of independence within each system's output, which is appropriate for terminating simulations, is the biggest barrier to applying these procedures directly to steady-state simulation experiments. The outputs within a single replication of a steady-state simulation are typically dependent. For instance, the delays in queue of successive parts processed at a work center may be dependent because each part must wait for the ones ahead of it.
We can apply procedures for i.i.d. normal data to steadystate simulation experiments if we make multiple replications of each alternative, use the within-replication averages as the basic observations, and make the replications long enough that the within-replication averages are approximately normally distributed. Or, we can generate a single long replication of each alternative and use batch means of many individual outputs as the basic observations. In typical simulation output processes, the batch means are much less dependent and more nearly normally distributed than the individual outputs if the batch size is large enough. See Law and Kelton (2000) for a general discussion of replication versus batching, Goldsman and Nelson (1998) for a presentation specialized to selection procedures, and Glynn and Iglehart (1990) for conditions under which the batch means method is asymptotically valid.
Unfortunately, both of these remedies for dependent data have disadvantages. If we make replications, then we have to discard the so-called warm-up period from each one; this will be very inefficient if a large number of observations need to be deleted. Batching within a replication may also be inefficient for the following reason: Selection procedures attempt to minimize the simulation data required to obtain a "correct selection" by working sequentially-meaning two or more stages of sampling-with decisions on how much, if any, additional sampling is needed made at the end of each stage. If a "stage" is defined by batch means, rather than individual observations, then the simulation effort consumed by a stage is a multiple of the batch size. When a large batch size is required to achieve approximate independence-and batch sizes of several thousand are common-then the selection procedure is forced to make decisions at long intervals, wasting observations and time.
These disadvantages have fostered efforts to develop new procedures designed specifically for steady-state simulation, procedures that can be applied to a single replication from each alternative and that use basic outputs rather than batch means. Goldsman and Marshall (1999) extended Rinott's (1978) procedure for use in steady-state simulation. Nakayama (1997) presented single-stage multiple-comparison procedures, and Damerdji and Nakayama (1999) developed two-stage multiplecomparison procedures, to provide inference on the best system for steady-state simulation. The procedures in all three papers take a single replication of each system, keep the number of sampling stages small (one or two), and do not eliminate any alternatives until the final stage of sampling is completed. The procedures by Nakayama (1997) and Damerdji and Nakayama (1999) were shown to be asymptotically valid.
The inefficiency of batching is particularly troublesome when fully sequential procedures are employed. Fully sequential procedures use many stages of sampling, take only a single basic observation from each alternative still in play at each stage, and may eliminate alternatives that appear (with high probability) to be inferior (see Siegmund 1985 for a general reference on fully sequential procedures). Batching constrains these decisions to batch means, rather than individual observations, partially defeating the benefits of using a fully sequential procedure. This is unfortunate, because Kim and Nelson (2001) showed that fully sequential procedures for i.i.d. normal data can be quite efficient. We have empirical evidence that appropriate modifications of Kim and Nelson's procedure also work well in the single-replication, steady-state simulation environment (Goldsman et al. 2000 (Goldsman et al. , 2002 . Unfortunately, proving that these procedures, or any such procedures, provide a correctselection guarantee is hopeless unless we make assumptions that are clearly unrealistic for a single replication of a steady-state simulation. Therefore, a goal of this paper is to provide theoretical support, in terms of an appropriate asymptotic analysis, for what we have observed empirically. This is important because it establishes conditions under which we can expect fully sequential procedures to work, rather than just relying on anecdotal evidence that they do. We also provide guidance for actual use, because there are implementation choices that have a substantial impact on the performance of the procedures in finite samples. This paper is organized as follows: In §2, we set up the key assumptions for output processes from steady-state simulation and the variance estimators we will employ. In §3, we introduce a framework for establishing the asymptotic validity of fully sequential procedures. Section 4 presents a new procedure in which variance estimators are computed once from a first-stage sample, and proves its asymptotic validity. In §5, we describe another new procedure-one that allows variance updates-and also establish its asymptotic validity. Section 6 contains an illustrative example. We conclude by offering our opinion about future research in §7.
Background
This section describes the key assumptions we make for output processes from steady-state simulations. First, we discuss a Functional Central Limit Theorem (FCLT) that shows how to standardize the output data from steady-state simulations to make them behave like Brownian motion processes in the limit. Because we assume unknown variances, we need to estimate the variance of each system to standardize the output. In §2.2, we discuss the properties we require of variance estimators.
Functional Central Limit Theorem
Suppose that there are k systems. For system i = 1 2 k, let X i = X ij j = 1 2 be a discrete-time stochastic process representing the simulation output of system i (although we work in discrete time, an entirely analogous development can be done for continuoustime output processes). We assume that the processes X 1 X 2 X k are mutually independent; this rules out the use of common random numbers, an issue we discuss further in §7. However, we allow the joint distribution of each X i to be different, and do not require any assumption of normality.
The sample mean of the first r observations from system i is represented by X i r , and the standardized partial sum for system i, C i t r , is defined as
where · indicates truncation of any fractional part. For any r 1, the random function C i t r is an element of the Skorohod space D 0 1 as defined in Chapter 3 of Billingsley (1968) . To establish our results, we restrict attention to processes that satisfy the following assumption, called a Functional Central Limit Theorem (see Billingsley 1968, Chapter 4 
is the asymptotic variance of system i.
We take Assumption 1 as a given; establishing conditions under which it holds is not our goal. However, one set of sufficient conditions for the FCLT is that X i is stationary and -mixing with appropriate mixing constants (see p. 166 of Billingsley 1968 for the exact definition). Roughly speaking, in a -mixing process the distant future is nearly independent of the past and present. Many stochastic processes are -mixing; e.g., l-dependent processes and finitestate, irreducible, and aperiodic Markov chains.
Our procedures observe the sum of differences between two systems, however, so we need to establish that the standardized partial sum of differences between two systems also behaves like t . We can show this by defining Z i j = X ij − X j for j = 1 2 r, i = , and letting 
Proof. First, note that
because of the independence of X i and X . Let C i t r and C t r be the standardized partial sums of X i and X , respectively. Then,
Because we assume that X i and X are independent, so are C i t r and C t r . Assumption 1 implies C i · r =⇒ i · and C · r =⇒ · , where i · and · are independent standard Brownian motion processes. By Theorem 3.2 of Billingsley (1968) 
which is also a standard Brownian motion process.
Lemma 1 is critical to establishing the validity of our procedures because it provides a way to standardize the output of a steady-state simulation so that it converges to a known process. We then use properties of Brownian motion to control the chance that our procedures incorrectly choose an inferior system as the best.
The standardized partial sum contains v 2 i , which is unknown. Thus, we need an estimator of v 2 i . In the next subsection, we establish the conditions that variance estimators should satisfy to be building blocks for asymptotically valid procedures.
Variance Estimators
There are several estimators for the asymptotic variance of a stationary stochastic process that are based on the concept of batching. In batching, we partition the r simulation outputs into b batches of m outputs each, so that r = mb. Therefore, the jth (nonoverlapping) batch from system i contains the outputs X i j−1 m+1 X i j−1 m+2 X i jm . Although our selection procedures use individual outputs to make elimination decisions, they use batching to estimate the asymptotic variance.
Let mV 2 denote an estimator of the asymptotic variance v 2 of either a single system or the difference between two systems. To establish the validity of our procedures, we need variance estimators with either the chi-squared property or the strong consistency property. Variance estimators mV 2 with the chi-squared property satisfy the following: The batch means estimator and area estimator are known to have the chi-squared property (Schruben 1983 , Chien et al. 1997 , Sargent et al. 1992 . The batch means estimator has degrees of freedom d = b − 1, while the area estimator has d = b. The overlapping batch means estimator does not have this property, but Meketon and Schmeiser (1984) showed that it is approximately chi-squared distributed for large m. Meketon and Schmeiser (1984) also showed that the overlapping batch means estimator has approximately 3/2 the degrees of freedom of the batch means estimator.
Some variance estimators can be shown to be strongly consistent estimators of the asymptotic variance. To explain this property, we need the concept of a batching sequence. A batching sequence is denoted m r b r r = 1 2 , where m r and b r are the batch size and the number of batches, respectively, as functions of the number of outputs r. Variance estimators with the strong consistency property satisfy the following:
with probability 1 as r →
In the literature, conditions on m r b r that guarantee almost sure convergence (convergence with probability 1) and mean-squared convergence have been established (Damerdji 1994 (Damerdji , 1995 Damerdji and Goldsman 1995; Chien et al. 1997) . In all cases, both m r and b r are nondecreasing functions of r and go to infinity as r increases.
For our procedure that estimates variances only once (denoted +), we establish asymptotic validity based on variance estimators satisfying Assumption 2. The validity of our procedure with variance updates (denoted ++) is proved based on variance estimators satisfying Assumption 3.
A Framework for Establishing
Asymptotic Validity Goldsman et al. (2002) discuss different ways to evaluate the "goodness" of a ranking-and-selection procedure. For an indifference-zone procedure designed to find the best among a finite number of systems, the most important measure of performance is the probability of correct selection (PCS). If there is more than one procedure for the same purpose that satisfies the PCS requirement, then the most efficient procedure is superior. However, if there is no procedure that can guarantee a prespecified PCS-which is the case in our context-then a procedure that is likely to come close to the desired PCS is needed. Mathematical analysis of finite-sample performance is the ideal way to establish the PCS. Unfortunately, if assumptions such as normality and independence of the simulation output processes are relaxed, then bounding the PCS is typically impossible and we are forced to consider other approaches. In this section, we propose a framework for asymptotic analysis: showing that a procedure achieves at least the desired PCS in an appropriate limit. Our definition of asymptotic PCS is similar to Dalal and Hall (1977) and Mukhopadhyay and Solanky (1994) . Sections 4 and 5 apply the framework to procedures + and ++, while §6 and Goldsman et al. (2002) report on an empirical evaluation of the finite-sample performance of both procedures.
Our selection procedures are based on the concept of an indifference zone, which is defined by a parameter > 0 that can be interpreted as the smallest difference in steady-state mean performance that is worth detecting. More precisely, we would like our procedures to provide a guaranteed PCS when the best system's steady-state mean is at least better (smaller or larger, depending on the problem) than the second-best system's mean. If there are systems whose means are within of the best, then we are indifferent as to which one of these good systems is selected.
For simplicity, we discuss the case of only two systems, denoted k and i. We assume that a larger mean is better and that k i + . Once we show the validity of our procedures for k = 2, it is not difficult to extend the result to k 2 systems.
To be more specific, let S r = r j=1 X kj − X ij . Our procedures are based on tracking the partial sum S r , r = n 0 n 0 + 1 N , as long as it stays within a "continuation region" R r of finite length r = 1 2 N . Depending on how S r exits R r , we either select system k (if it exits the region going up) or system i (if it exits the region going down) as best. If the length of the continuation region is proportional to mV 2 / 2 -as it is in our procedures-then as → 0, we have N → .
To make probability statements about how S r will exit R r , we consider how a standardized version of S r exits a correspondingly modified version of R r . Specifically, we standardize S r over the range 0 r N as in (2); this yields C ki t N + k − i · N · t over the interval 0 t 1. The "leftover" term N is positive and a function of both and mV 2 (through N ). The term k − i > 0 tends to push the process toward exiting the continuation region going up, which is the correct direction. Therefore, to bound the PCS, we replace k − i by , which is no larger than the true difference. As → 0, we employ the FCLT (and other arguments that depend on the specific procedure) to show that C ki t N + · N · t =⇒ t + t, a standard Brownian motion process with positive drift . We then show that the PCS is attained for the limiting process, which gives us some hope that it will be approximately attained for realistic, finite-sample-size problems (although this cannot be guaranteed).
To show the asymptotic validity of our procedures, we let the parameter that defines the indifference zone, , go to zero, which drives the sample size to infinity. Of course, if the true difference k − i > 0 is fixed, then as the sample size goes to infinity, the PCS → 1 (which is clearly greater than 1 − , as claimed, but is not very meaningful). There are at least two ways to view an asymptotic analysis where → 0 that provide insight into when the procedure will work well in practice:
(1) In reality, we do not know the true differences between the steady-state means. The most important case for an indifference-zone ranking-and-selection procedure is when the true differences are small and we demand to be able to detect small differences (when the true differences are small but is large, or the true differences are large but is small, we are unlikely to make a mistake). The asymptotic validity of the proposed procedures shows that if the true, unknown differences are small, even vanishingly small, then the procedures will achieve approximately the desired PCS when we also require them to detect small differences.
(2) Let
represent the output processes from systems k and i, where kj j = 1 2 and ij j = 1 2 are independent, mean-zero, stationary stochastic processes satisfying Assumption 1 (this is the model adopted by Schruben 1983 , for instance). Then, let k − i = so that as → 0 the true difference between the systems' means goes to zero also. Under this regime, the PCS does not go to one, and our analysis shows that as the problem becomes more and more difficult (the true differences in the means, and the differences we desire to distinguish, become smaller and smaller), the procedure's PCS becomes at least as large as the desired PCS. See Lehmann (1999, §3. 3) for an in-depth justification of this type of analysis.
Model (3) has the convenient feature that properties of the standardized difference process C ki t N are not functions of k and i because they are only location parameters. In general, properties of a stochastic process, such as its dependence structure, may be linked to its mean. Our point is not to actually change the means of the processes of interest, however, but rather to demonstrate that the procedures can be expected to work in an appropriate asymptotic sense, as analysis under model (3) does. To make the development unambiguous, we will assume that model (3) holds throughout the remainder of the paper.
We now present two fully sequential procedures for steady-state simulation and prove the validity of each one using the framework discussed here.
+ Procedure
In this section, we describe +, a procedure that does not update the variance estimators after the first stage of sampling. We also prove the asymptotic validity of +. The procedure is formulated with the goal of finding the system with the largest steady-state mean, but can be modified in the obvious way to select the system with the smallest mean.
Setup. Select confidence level 1/k < 1 − < 1, indifference-zone parameter > 0, first-stage sample size n 0 2, and batch size m 0 < n 0 . Calculate and c as described below. Initialization. Let I = 1 2 k be the set of systems still in contention, and let h 2 = 2c d, where the degrees of freedom d is determined by which variance estimator is used.
Obtain n 0 observations X ij , j = 1 2 n 0 , from each system i = 1 2 k. For all i = , compute the estimator m 0 V 2 i , the sample asymptotic variance of the difference between systems i and . Note that m 0 V 2 i is based only on the first n 0 observations. Let
and let
Here, N i + 1 is the maximum number of observations that will be taken from system i. If n 0 max i N i + 1, then stop and select the system with the largest X i n 0 as the best.
Otherwise, set the observation counter r = n 0 and go to Screening. Screening. Set I old = I. Let
where
Stopping Rule. If I = 1, then stop and select the system whose index is in I as the best.
Otherwise, take one additional observation X i r+1 from each system i ∈ I, set r = r + 1, and go to Screening. Constants. The constant c may be any nonnegative integer. The constant is the solution to the equation
where is the indicator function.
In our procedures, r ·W i r defines a continuation region for the partial sum, r j=1 X ij − X j . Figure 1 shows the continuation region for +. If c < , this region is a triangle, as shown in the figure. As c increases the triangle becomes longer, but narrower, and in the limit becomes parallel lines. As long as the partial sum stays within the continuation region, sampling continues; sampling stops when it exits the region. Continuation region for the fully sequential, indifference-zone procedure when c < . The horizontal axis represents the current sample size (stage) r and the vertical axis represents r j=1 X ij − X j ).
Operations Research 54(3), pp. 475-488, © 2006 INFORMS To guarantee a unique solution to (4), c = 1 should be chosen. Kim and Nelson (2001) suggest that c = 1 is the best compromise choice when the experimenter has no idea if there are a few dominant systems or a number of close competitors. Also, it is easy to compute when c = 1. Goldsman et al. (2000 Goldsman et al. ( , 2002 present empirical results when c = 1, and we will also use c = 1 in our example.
To prove the validity of the procedure, we need a result due to Fabian (1974) .
Lemma 2 (Fabian 1974 
Remark. The event will correspond to an incorrect selection (incorrectly eliminating the best system from consideration by exiting the region going down).
Without loss of generality, suppose that the true steadystate means of the systems are indexed so that k k−1 · · · 1 . Now we present our main result: 
is asymptotically independent of C i · r is plausible because the variance estimator m 0 V 2 i is based on a fixed initial sample of n 0 observations from each system. Asymptotic independence implies that as r → (that is, more and more observations are collected), the behavior of the standardized partial sum C i · r depends less and less on the initial sample.
Proof. We begin by considering the case of only two systems, denoted k and i, with k i + . Select a value of such that g = 1 − 1 − 1/ k−1 from Equation (4). With probability 1, there exists 0 such that N ik n 0 for all 0 because m 0 V 2 ik is finite and positive with probability 1. For smaller than 0 , let T = min r r n 0 and X k r − X i r W ik r Thus, T is the stage at which the procedure terminates by leaving the continuation region. Let ICS denote the event that an incorrect selection is made. Then,
The inequality arises because we replace k − i with , which is no larger. To establish the result, we will show that lim sup →0 Pr ICS 1 − 1 − 1/ k−1 . To do so, let
for 0 t 1, where we express C ki as a function of , instead of N ik + 1, because N ik is a function of . Further, define
Clearly, T = T / N ik + 1 . Also, define the stopping time of the corresponding continuous-time process as
Note that for fixed , C ki T corresponds to the righthand limit of a point of discontinuity of C ki · . We can show that T → T with probability 1 as → 0, making use of the fact that 1/ N ik + 1 → 0 with probability 1. Thus, in the limit, we can focus on C ki T . Now, condition on m 0 V 2 ik . Then, Assumption 1, Lemma 1, and the CMT imply that
as → 0, where
Note that the stopping time T is the first time t at which the event 
We need to show that 
where we make use of the fact that m 0 V 2 ik and C ki t are asymptotically independent, and that the argument of expectation (5) is bounded by one for all , so it is uniformly integrable. The final equality follows from the way we choose and the chi-squared property of m 0 V 2 ik . Now consider k 2 systems and let CS be the event that k is selected (correct selection) and let ICS i be the event that an incorrect selection is made when systems k and i are considered in isolation. Then,
Pr system i eliminates system k lim inf
because the events {system k eliminates system i} are asymptotically conditionally independent given X k1 X k N k +1 and m 0 V 2 ik . Thus, by applying the same argument that we used to bound the probability of correct selection for the pair i k , and noting that the conditional probability is a bounded, continuous function of the condition, we get lim inf Remark. Note that we assume a chi-squared distribution for the first-stage variance estimator, rather than converging to it as the sample size increases (in + the first-stage sample size is fixed). Is it reasonable to make this assumption? There are at least two ways that it can fail. If the initial sample size is not large enough, then the distribution of m 0 V 2 ik may not be well approximated by a scaled chisquared distribution. Even if the chi-squared distribution is appropriate, the scaling constant may not be v 2 ik in finite samples, meaning that m 0 V 2 ik is biased. Goldsman et al. (2002) looked at the impact of both deviations from the chisquared assumption. When the output data actually come from an AR(1) process, they showed that the bias in m 0 V 2 ik does not seriously degrade PCS as long as there are a small number of large batches in the first stage. They also found this to be true in an extensive empirical study. Theorem 1 shows that if we can get n 0 right, then making elimination decisions one observation at a time can be justified, in a limiting sense. In the next section, we present a procedure that overcomes the need to get n 0 "right."
5.
++ Procedure
The variance estimators employed in + depend only on the first-stage data. In this section, we present a refinement of + in which we update the variance estimators as more data are obtained. The asymptotic validity of ++ depends on having variance estimators with the strong consistency property. Thus, ++ requires a batching sequence m r b r that ensures that the strong consistency property holds. There are several different batching sequences that achieve almost sure convergence or meansquare convergence. Goldsman et al. (2000 Goldsman et al. ( , 2002 modified existing batching sequences to introduce more updates for ++ and performed experiments to examine the performance of these batching sequences. We use one of them in §6. It is also worth noting that weak (convergence in probability) consistency of variance estimators is not sufficient to prove the asymptotic validity of ++ (Theorem 2 below); see Glynn and Whitt (1992) .
In this section, we highlight the differences between + and ++ and defer the full details of the procedure to the appendix. The primary differences are that ++ does not use the same critical values h 2 and , and the batch size in ++ becomes a function of r rather than being a fixed constant. Therefore, whenever m r changes value (due to an increase in r), the variance estimators m r V 2 i r and all other quantities that depend on them-including N i r , N i r , and W i r -are recomputed in a new step called Update. The Initialization, Screening, and Stopping Rule steps are essentially unchanged.
In the appendix we prove the following theorem: + . The continuation region that is defined by r · W i r is critical to achieving the desired PCS. If it is too wide, then a fully sequential procedure loses its ability to detect inferior systems. On the other hand, if it is too narrow, then the likelihood of eliminating good systems is greater than desired. After choosing a batching sequence, a variance estimator and a value of c, the continuation region is completely determined by h 2 and m r V 2 i r . The strong consistency property of variance estimators leads to a proof of asymptotic validity that is similar to a known-variances case, and the value of h 2 used in ++ is the same as if the asymptotic variances were known. Not surprisingly, h 2 in ++ is smaller than h 2 in + which treats the variances as unknown. As a result, the continuation region for ++ is narrower than the continuation region for +. Although asymptotically valid, this narrower continuation region could cause early elimination of good systems, and the performance of ++ for finite samples might suffer (see Goldsman et al. 2000) . We can overcome this disadvantage by using a larger value of h 2 than is required to prove asymptotic validity. Goldsman et al. (2002) used h 2 computed as in + with c = 1, and their experiments showed that ++ works better with this adjustment. Procedure ++ is still asymptotically valid with the larger value of h 2 .
Example
In this section, we illustrate the performance of our new procedures using an example based on the M/M/1 queue, and from these experiment results we glean guidelines for choosing m 0 and the variance estimator to use in practice. Goldsman et al. (2002) present an extensive empirical evaluation based on a larger, but different, collection of examples, and our recommendations are also influenced by their results. As a baseline, we compare our procedures to procedure +, due to Goldsman and Marshall (1999) , which modifies Rinott's (1978) procedure by replacing the usual sample variance of each system with an estimator of the asymptotic variance. Procedure + has two stages: In the first stage, an initial sample of size n 0 is taken from each system and used to estimate the asymptotic variance and compute the second-stage sample size. In the second stage, additional observations are taken from each system and the system with the largest or smallest sample mean is selected as the best. Procedure + has no elimination step. The performance measure in our example is w i , the expected waiting time in the queue of system i. Thus, smaller w i is better. We set the parameters of the systems so that system 1 is always the best.
The number of systems in each experiment varied over k = 2 5 10. Three variance estimators were tested: the nonoverlapping batch means (BM) estimator, the overlapping batch means (OBM) estimator, and a weighted area (A) estimator. Detailed specifications may be found in Goldsman et al. (2000 Goldsman et al. ( , 2002 .
We chose the first-stage sample size n 0 such that the ratio of the variance of n 0 observations v 2 n 0 = n 0 Var X n 0 and the asymptotic variance is approximately equal to 1; more specifically, 1 − v 2 n 0 /v 2 ≈ 0 01. This guarantees that enough data are available to estimate the asymptotic variance, but not so much data that it is easy to estimate v 2 . Table 1 . Sample average of the total number of basic observations when M/M/1 processes are tested under the MDM configuration, k = 5, = 0 9, and n 0 = 24 000. Note. All numbers are in units of 10 5 .
After n 0 was determined empirically, all divisors of n 0 were employed as batch sizes m 0 , implying n 0 /m 0 batches for BM and A, and n 0 − m 0 + 1 batches for OBM. The indifference-zone parameter was set to = v 1 / √ n 0 , where v 2 1 is the asymptotic variance of the best system. Thus, is approximately the standard deviation of the firststage sample mean of the best system.
In all cases the service rate for system 1 was set to one, and the service rates of the other systems were set to obtain different configurations of the means, w i . The arrival rate is the same for all systems in a particular experiment, but varied over = 0 3 0 6 0 9 in different experiments. This allowed us to obtain traffic intensities for system 1 of = 0 3 0 6 0 9. However, because larger implies stronger dependence, a procedure that works well for a large value of will do so for smaller values. For this reason, we only present experiment results for = 0 9 here.
For configurations of w i , we considered the slippage configuration (SC)-which was not considered in Goldsman et al. (2002) -and monotonically decreasing means (MDM). In SC,
For ++, the modified batching sequence in Goldsman et al. (2002) and the value of h 2 computed as in + were used. This batching sequence is essentially m r = √ r, but with more frequent updates of the number of batches when r is small.
For each configuration, 1,000 macroreplications of the entire experiment were performed. In all experiments, the nominal probability of correct selection was set to 1 − = 0 95. Tables 1-4 give results for the average number of observations and estimated PCS when there are k = 5 systems, traffic intensity is = 0 9, and the initial number of observations from each system is n 0 = 24 000. Tables 1  and 3 show that the sample average of the total number of basic observations decreases as m 0 , the initial batch size, decreases. Tables 2 and 4 show that the estimated PCS also decreases as m 0 decreases. Thus, a large initial batch size Table 2 .
Estimated PCS when M/M/1 processes are tested under the MDM configuration, k = 5, = 0 9, and n 0 = 24 000. helps to achieve the nominal PCS, but at the cost of a larger total number of observations. Note that + outperforms + only when we have just one degree of freedom for the variance estimator. Note also that ++ is much less sensitive to the choice of initial batch size m 0 because m r and b r increase as more data are obtained, which helps to correct a poor initial variance estimate.
The fully sequential procedures are more efficient under MDM than under SC. The SC is a difficult configuration for procedures that eliminate systems because all inferior systems are exactly from being the best. Comparing Table 1 and Table 3 , we find that + consumes more observations under MDM than under SC; this is simply because larger means yield larger variances in our M/M/1 example, and the total sample size for + depends only on the variances, not on the means. On the other hand, + and ++ consume fewer observations under MDM than under SC, because under MDM it is relatively easy to detect and eliminate inferior systems. Tables 1 and 3 show that + and ++ can effectively eliminate inferior systems while maintaining the desired PCS when implemented with appropriate choices Table 3 .
Sample average of the total number of basic observations when M/M/1 processes are tested under the SC configuration, k = 5, = 0 9, and n 0 = 24 000. of variance estimator and batching strategy. These results (and others not reported) give us insight into how to make the choices. OBM appears to be the best variance estimator for our purposes. For good performance of all of the procedures, we need the initial batch size m 0 large enough to achieve the nominal PCS, while not being so large that it implies a huge total sample size. For + and +, we suggest setting m 0 to produce at least five degrees of freedom for the variance estimator. For ++, we recommend choosing a very large batch size, such as n 0 /4, because updating allows the variance estimator to improve as the procedure progresses. Procedure + should only be used if implementing a fully sequential procedure is infeasible. Similarly, + should be chosen only if variance updating is too difficult. Because Procedure ++, combined with the OBM variance estimator, is highly efficient and robust, it should be used if possible.
Conclusion and Future Work
In this paper, we proved the asymptotic validity of two new fully sequential selection procedures for steady-state simulation, and also provided a general framework for such Table 4 .
Estimated PCS when M/M/1 processes are tested under the SC configuration, k = 5, = 0 9, and n 0 = 24 000. proofs. Even though asymptotic validity does not imply that PCS 1 − for finite samples, it does suggest that our procedures will work well under difficult situations, such as when our indifference level is small. The procedures presented here are asymptotically valid under very general conditions, including variances that are unknown and unequal, output data that are nonnormal, and output data from within each system that are dependent in series. However, they do not account for dependence across the outputs from different systems due to the use of common random numbers (CRN). Although we suspect that our procedures are still valid when CRN is employed, they do not exploit it. Our experience with procedures for i.i.d. data that do incorporate CRN leads us to believe that further gains in efficiency are possible, making the development of such procedures for steady-state simulation an important open research problem. Stopping Rule. If I = 1, then stop and select the system whose index is in I as the best. Otherwise, take one additional observation X i r+1 from each system i ∈ I, set r = r + 1, and go to Update. Constants. The constant c may be any nonnegative integer. The constant is the solution to the equation
For proof of the validity of ++, we need a lemma from Billingsley (1968, Theorem 4.4, p. 27) , in addition to Lemma 2. Proof of Theorem 2. We begin by considering the case of only two systems, denoted k and i, with k i + . We also assume that v 2 ik is known, so that
for all r, where we select the value of so that g = 1 − 1 − 1/ k−1 from Equation (7). We relax the assumption of known asymptotic variance later. Let T = min r r n 0 and X k r − X i r W ik r Thus, T is the stage at which the procedure terminates by leaving the continuation region.
Let ICS denote the event that an incorrect selection is made. Then,
The inequality arises because we replace k − i with , which is no larger. To establish the result, we will show that lim sup →0 Pr ICS 1 − 1 − 1/ k−1 To do so, let Note that for fixed , C ki T corresponds to the righthand limit of a point of discontinuity of C ki · . We can show that T → T with probability 1 as → 0, making use of the fact that 1/ N ik + 1 → 0 with probability 1. Thus, in the limit, we can focus on C ki T . Then, Assumption 1, Lemma 1, and the CMT imply that
Note that the stopping time T is the first time t at which the event where the equality follows from the way we choose . Now consider k 2 systems and let CS be the event that k is selected (correct selection) and let ICS i be the event that an incorrect selection is made when systems k and i are considered in isolation. Thus, by applying the same argument that we used to bound the probability of correct selection for the pair i k , we get lim inf ik by a strongly consistent estimator of it. Therefore-considering again the case k = 2-at termination we have
To establish the result, we note the following:
(1) With probability 1, T goes to infinity as → 0. This is because the continuation region implied by contains the continuation region implied by if < .
(2) As a consequence of 1, the number of sampling stages goes to infinity as → 0, insuring that m T V 2 ik T converges to v 2 ik with probability 1. Because strong consistency implies convergence in probability, Lemma 3 can be applied to C ik T m T V 2 ik T . (3) As a consequence of 2, N ik T goes to infinity with probability 1 as → 0.
(4) As a consequence of 3, and an application of the random-change-of-time theorem (Billingsley 1968, Theorem 17 .1), the standardized difference still converges in distribution to t with = h. The terms in (9) also converge as in the known variance case.
